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Abstract— To infer protein function by matching local surface
patterns, an effective scoring matrix for evaluating surface
similarity is critical. In this study, we develop an evolution
model of binding surfaces using a continuous time Markov
process. We develop a Bayesian Markov chain Monte Carlo
method to estimate the substitution rates of amino acid residues
with specialized move sets. We then develop scoring matrices
of residue similarity specific to a functional site and show how
they can be used to identify similar binding surfaces, and how
such information can be used for predicting biological roles
of proteins. Our method is especially effective in extracting
evolutionary information from the phylogeny of sequences
homologous to a protein structure, all of which may be of
unknown functions.

I. INTRODUCTION

Predicting protein function is a challenging task, as func-
tional annotation cannot be transferred reliably based on
global sequence or structure similarity [1–3]. Because protein
carries out its biological roles by interacting with other
molecules, binding surfaces on protein structures play im-
portant roles in determining protein functions. A promising
approach therefore is to examine candidate functional surface
region on protein structures and identify similar local spatial
motifs on other protein structures that are functionally re-
lated [4–9]. This approach allows the detection of remote
functional relationship, and often does not require global
similarity between the protein backbones. An example of this
approach is that of reference [7], which is based on match-
ing computed surface Several novel functional relationship
between proteins of different fold were uncovered using this
method (e.g., HIV-1 protease and HSP-70) [7].

The success of such methods hinges upon the use of a
scoring matrix. The evolutionary history of protein provides
essential information for understanding its biological func-
tions and how these functions emerge and evolve. Several
empirical residue scoring matrices have been developed
based on evolutionary history of proteins [10, 11]. A defi-
ciency of all these scoring matrices is the neglect of the
distinction between regions on proteins that directly partici-
pate in biological function through binding, v.s. other regions
of the protein which may be important for protein stability.
Functional region of proteins are likely to experience very
different selection pressure than the rest of the proteins.
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In this study, we develop a method for obtaining residue
scoring matrix by estimating residue substitution rates at
functional surface. Our evolution model is based on a
continuous time Markov process and incorporates explicit
information contained in a phylogenetic tree. We estimates
Bayesian posterior mean values of the instantaneous rates
of residue substitution using the technique of Markov chain
Monte Carlo. These rates are then used to construct a
series of specialized and surface specific scoring matrices
for detecting similar surface patterns that are functionally
relevant on other protein structures. We illustrates our method
using simulated sequences, as well as proteins with known
functions. We then show how this method can help to infer
the biochemical roles of a protein structure of unknown
function solved by structural genomics project.

II. MODEL AND METHODS

a) Continuous time Markov process for residue substi-
tution: For a given phylogenetic tree, we use a reversible
continuous time Markov process as our evolutionary model
[12, 13]. This model has several advantages over empirical
methods. For example, empirically constructed matrices such
as PAM and BLOSUM have implicit parameters whose val-
ues were determined from pre-computed analysis of large
quantities of data, while the information about the particular
protein of interest has limited or no influence. In contrast,
Markovian evolutionary models are parametric models and
do not have pre-specified parameter values. These values are
all estimated from data specific to the protein of interest
[14]. Empirical position specific weight matrix such as the
ones generated by PSI-BLAST takes no consideration of
the phylogeny of the proteins, and can be very biased if
the sequences are unevenly distributed along a subset of
branches of the tree. In addition, previous works showed that
the effects of secondary structure and solvent accessibility
are important for local amino acid replacement on protein
evolution, and such effects can be captured by a Markovian
evolutionary, while it is difficult for empirical methods to
take these effects into account [15–17].

Once the tree topology and the time intervals of sequence
divergence {t} (or the branch lengths) of the phylogenetic
tree are known, the parameters of the model are the 20× 20
rate matrix Q for the 20 amino acid residues. The diver-
gence time represents expected number of changes between



sequences which are nodes in a phylogenetic tree. The entries
qij of matrix Q are substitution rates of amino acid residues
for the set A of 20 amino acid residues at an infinitesimally
small time interval. Specifically, we have:

Q = {qij} =




− q1,2 . . . q1,20

q1,2 − . . . q2,20

. . .
q1,20 q2,20 . . . −


 ,

where the diagonal element is qi,i = −
∑

i,j 6=i qi,j . The
transition probability matrix of size 20 × 20 after time t is
[18]:

P (t) = {pij(t)} = exp(Q · t) = U exp(Λt)U−1,

where pij(t) represents the probability that a residue of type
i will mutate into a residue of type j after time t. U , U−1,
and Λ are right eigenvectors, left eigenvectors, and diagonal
matrix formed by the eigenvalues of Q sorted in descending-
order, respectively. In practice, to ensure that the nonsymmet-
ric rate matrix Q is diagonalizable for easy computation of
P (t), we follow reference [19] and insists that Q takes the
form of Q = S·D, where D is a diagonal matrix who entries
are the composition of residues on the protein functional
surface, and S is a symmetric matrix whose entries need
to be estimated. Because symmetric S is diagonalizable as
S = UΛUT , the matrix Q = S ·D = D1/2UΛUT D−1/2

is also diagonalizable. Since the S matrix is normalized,
there are 210− 20 − 1 = 189 unknown parameters.

b) Bayesian estimation of instantaneous rates: Our
goal is to estimate the values of the Q matrix. Continu-
ous time Markov model for residue substitutions has been
implemented in several studies using maximum likelihood
estimator [12, 19] and has found applications in protein fold-
ing studies [20]. Different from these prior studies, here we
adopt a Bayesian approach. We use a prior distribution π(Q)
to encode our past knowledge of amino acid substitution rates
for proteins. For a multiple sequence alignment S and a given
phylogenetic tree T ), we describes instantaneous substitution
rate Q = {qij} by a posterior distribution π(Q|S, T ), which
summarizes information available on the rates Q = {qij}
and information brought by the observations S and T . After
integrating the prior information π(Q) and the likelihood
function P (S|T , Q) (see Appendix) and assuming a given
phylogenetic tree T , the posterior distribution π(Q|S, T )
can be estimated up to a constant as:

π(Q|S, T ) ∝

∫
P (S|T , Q) · π(Q)dQ.

Our goal is to estimate the posterior mean of rates in Q as
a summarizing index:

Eπ(Q) =

∫
Q · π(Q|S, T )dQ.

In this study, we use uniform uninformative priors. Others
choices are also applicable.
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Fig. 1. Estimating substitution rates. (a) The Markov chain converges. (b)
Rates estimated in two simulations are all similar to the true rates. In the
first simulation, qi,j = 0.1 for all entries. In the second, the 189 initial qi,j

values are sorted numerically by index i then by index j, and the values
are assigned from 0.1 with an increment of 0.01 for the next entry. (c) The
relative errors in 50 estimations with random initial values are all < 5%.
(d) The relative error remains < 5% if the length of sequence is ≥ 20.

c) Rate matrix Q and residue similarity score: To
derive residue scoring matrix from the evolutionary model
for database search, we derive residue similarity scores [21]
bij(t) between residues i and j at different evolutionary time
t from the rate matrix Q:

bij(t) =
1

λ
log

mij(t)

πiπj
=

1

λ
log

pij(t)

πj
,

where mij(t) is the joint probability of observing both
residue type i and j at the two nodes separated by time
t, and λ is a scalar. bij(t)satisfies

∑
πiπje

λbij = 1, because
of the property of

∑
ij πipij(t) = 1 for Markov matrix.

III. RESULTS

d) Rates estimation: simulation studies: To validate our
method, we first carry out a simulation study to test how
accurate estimated residue substitution rates are. We generate
a set of artificial sequences based on a known evolutionary
model, with known substitution rates. We ask the question
whether our method can recover the original rates reasonably
well, and how many sequences and residues are needed so
a good estimation can be made. For this purpose, we take
the sequence of carboxypeptidase A2 precursor (SwissProt
P48052, length 417), and generate 16 artificial sequences
using the JTT evolutionary model, where the residue substi-
tution rates are taken from reference [22].

Figure 1b shows the estimation results for two simulations.
We started from two different sets of initial values of {qi,j}.
It is clear that both sets of the estimated rates {q̃i,j} are very
similar to the set of true values. To further quantitatively



assess how similar the estimated rates and the true rates are,
we calculate the relative error ∆e, defined as:

∆e ≡ |(||Q||F − ||Q̃||F )/||Q||F |, (1)

where ||Q||F denotes the Fröbenius norm of matrix Q:
||Q||F = (

∑
189

i=1
|qi,j |

2)1/2. Figure 1c shows that the relative
errors from 50 simulations are all very small (∆e ≈ 102).
Each of these 50 simulations had a different set of random
initial values of {qi,j} drawn from a uniform distribution of
U(0, 1).

The functional region of a protein contains only a small
number of residues, which varies depending on the size of the
binding site. It is important to assess how the accuracy of rate
estimation is affected by the size of the binding site. Starting
from the N-termini of these sequences, we take a substring
from each sequence, with the length increasing from 10 to
417, at an increment of 10 residues. Each simulation of a
different length was started from a random set of initial
values drawn from U(0, 1). The duration of these simulations
is longer than the 70, 000 time steps required for a typical
Markov chain to converge. Our results show that as long as
the number of residues is ≥ 20, the relative error ∆e of
estimated parameters and true parameters will be less than
5% (Figure 1d).

e) Detecting functionally similar binding surfaces:
An objective test of the effectiveness of our method is to
see if we can discover related protein binding surfaces,
namely, whether we can discover protein structures that have
similar binding surfaces and carrying out similar biological
functions.

We use alpha-amylases as our test system. Alpha-amylase
(Enzyme Classification number E.C.3.2.1.1) acts on starch,
glycogen and related polysaccharides and oligosaccharides.
Detecting functionally related alpha amylase is a challenging
task, as many of them have overall very low sequence identi-
ties (< 25%) to the query protein template. Below a sequence
identity of 70%, it becomes difficult to make functional
inference for proteins based on sequence alignment [3].

Given a template structure of binding surface of an alpha
amylase (1bag, pdb), we wish to find out how many
structures of proteins that are of the same E.C. number of
all four digits can be identified. These protein structures all
carry out the same or related reactions.

To construct the evolutionary model, we use sequence
alignment tools to find sequences homologous to that of
1bag [23]. After removing redundant sequences, sequences
with > 90% identity to any other identified sequences or the
query sequence of 1bag, we obtain a set of 14 sequences
of amylases. These 14 sequences are used to construct a
phylogenetic tree of alpha-amylase (Figure 2a). We use the
maximum-likelihood method as implemented in MORPHY

for tree construction [24].
We then calculate a similarity scoring matrix from the

estimated values of the rate matrix. Because a priori we do
not know how far a particular candidate protein is separated
in evolution from the query template protein, we calculate a
series of 300 scoring matrices, each characterizes the residue
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Fig. 2. Validation of function prediction of alpha amylases. (a) The
phylogenetic tree for PDB structure 1bag from B. subtilis. (b) The binding
pocket of alpha amylase on 1bag. (c) A matched binding surface on a
different protein structure (1b2y from human, full sequence identity 22%)
obtained by querying with 1bag (d) The phylogenetic tree for 1bg9 from
H. vulgare. (e) The binding pocket on 1bg9. (f) A matched binding surface
on a different protein structure (1u2y from human, full sequence identity
23%). obtained by querying with 1bg9

substitution pattern at a different time separation, ranging
from 1 time unit to 300 time unit. We use Smith-Waterman
algorithm with each of the 300 scoring matrices to align
sequence patterns of candidate binding surfaces from >2
million protein surface pockets contained in the PVSOAR

database [25]. Surfaces similar to the query binding pocket
identified are subject to further shape analysis, where those
that cannot be superimposed to the residues of the query
surface pattern at a statistically significant level (p-value
< 0.01) by either coordinate RMSD measure or orientational
RMSD measure are excluded [7].

A total of 58 PDB structures are identified to have similar
binding surfaces as that of 1bag, and hence are predicted
as amylase. All of them have the same E.C.3.2.1.1 label
as that of 1bag. Similarly, we found 48 PDB structures of



E.C.3.2.1.1 label when using the functional site of 1bg9.
The union of the results from these two searches gives
69 PDB structures with E.C.3.2.1.1 labels. Examples of
matched protein surfaces are shown in Figure 2

The Enzyme Structures Database (ESD)
(www.ebi.ac.uk/thornton-srv) collects protein
structures for enzymes contained in the ENZYME databank
[26]. There are 75 PDB entries with enzyme class label
E.C.3.2.1.1 in ESD (version Oct 2004). Out of the 75
structures, our method discovered 69 PDB structures using
1bag and 1bg9 as queries. We also compare our results
with those obtained from database search using sequence
alignment tools. Using SSEARCH in FASTA with default set-
up of BLOSUM50 matrix, only 32 structures are identified as
alpha amylase (see Table 2 in [7]). When using PSI-BLAST

with the E-value threshold of 10−3, BLOSUM62, default
parameters, the NR database for generating position-specific
weight matrix, and < 10 iterations, only 41 structures
among the 75 known structures of alpha-amylase are found.

IV. DISCUSSION

We have developed a method for estimating residue sub-
stitution rates for functionally important binding pocket.
This approach allows effective modeling of evolution of
protein function based on their binding surfaces. Our work
is also the first study using Bayesian estimation and Markov
chain Monte Carlo to infer amino acid residue substitution
rates. We show that the estimated substitution rates can
be used to construct scoring matrix for effective database
search of functionally similar binding surfaces, with better
performance than other methods such as PSI-BLAST.

Our results suggest that binding surfaces on proteins
often contain distinctive evolutionary information, and such
information can be effectively extracted using the continuous
time Markov model proposed here. Surface similarity search
based on scoring matrix constructed using our method can
lead to more sensitive and specific method for predicting
protein function.

An advantage of our method is that sequences with un-
known functions, (e.g., hypothetical proteins obtained from
genome sequencing efforts) become an important source
of information about the evolutionary history of protein
functional site. Sequences that are used to construct the
phylogenetic tree can be all of unknown structures, or of
unknown function. The majority of the sequences in the phy-
logenetic tree can be of hypothetical proteins, and they may
provide critical information for predicting protein function.
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