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1 Global Nonlinear Fitness Function
2 for Protein Structures

3 Yun Xu, Changyu Hu, Yang Dai and Jie Liang

4 Abstract We examine the problem of constructing fitness landscape of proteins for
5 generating amino acid sequences that would fold into an a priori determined
6 structural fold. Such a landscape would be useful for engineering proteins with
7 novel or enhanced biochemistry. It should be able to characterize the global fitness
8 landscape of many proteins simultaneously, and can guide the search process to
9 identify the correct protein sequences. We introduce two geometric views and

10 propose a formulation using mixture of nonlinear Gaussian kernel functions. We
11 aim to solve a simplified protein sequence design problem. Our goal is to distin-
12 guish each native sequence for a major portion of representative protein structures
13 from a large number of alternative decoy sequences, each a fragment from proteins
14 of different folds. The nonlinear fitness function developed discriminate perfectly a
15 set of 440 native proteins from 14 million sequence decoys, while no linear fitness
16 function can succeed in this task. In a blind test of unrelated proteins, the nonlinear
17 fitness function misclassifies only 13 native proteins out of 194. This compares
18 favorably with about 3–4 times more misclassifications when optimal linear func-
19 tions are used. To significantly reduce the complexity of the nonlinear fitness
20 function, we further constructed a simplified nonlinear fitness function using a
21 rectangular kernel with a basis set of proteins and decoys chosen a priori. The full
22 landscape for a large number of protein folds can be captured using only 480 native
23 proteins and 3200 nonprotein decoys via a finite Newton method, compared to
24 about 7000 proteins and decoys in the original nonlinear fitness function. A blind
25 test of a simplified version of sequence design was carried out to discriminate
26 simultaneously 428 native sequences with no significant sequence identity to any
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27 training proteins from 11 million challenging protein-like decoys. This simplified
28 fitness function correctly classified 408 native sequences, with only 20 misclassi-
29 fications (95% correct rate), which outperforms several other statistical linear fitness
30 functions and optimized linear functions. Our results further suggested that for the
31 task of global sequence design, the search space of protein shape and sequence can
32 be effectively parameterized with a relatively small number of carefully chosen
33 basis set of proteins and decoys. For example, the task of designing 428 selected
34 nonhomologous proteins can be achieved using a basis set of about 3680 proteins
35 and decoys. In addition, we showed that the overall landscape is not overly sen-
36 sitive to the specific choice of the proteins and decoys. The construction of fitness
37 landscape has broad implication in understanding molecular evolution, cellular
38 epigenetic state, and protein structures. Our results can be generalized to construct
39 other types of fitness landscape.40

41 Introduction

42 We aim to construct a global fitness function of the protein universe based on
43 knowledge of protein structures. Such a fitness function can be used to study protein
44 evolution and to design sequences of novel proteins. For example, the fundamental
45 problem of protein sequence design, also called the inverse protein folding problem,
46 aims to identify sequences compatible with a given protein fold and incompatible to
47 alternative folds [12, 16, 62]. It has attracted considerable interest [8, 14, 26, 30, 31,
48 36–38, 43, 46, 65, 69, 71, 72, 93]. With successful design, one can engineer novel
49 protein molecules with improved activities or new functions. There have been many
50 fruitful design studies reported in the literature [1, 11, 13, 19, 42, 75].
51 A successful protein design strategy needs to solve two problems. First, it needs to
52 explore both the sequence and structure spaces and efficiently generate candidate
53 sequences. Second, a fitness or scoring function needs to identify sequences that are
54 compatible with the desired structural fold (the “design in” principle) but are
55 incompatible with any other competing folds (the “design out” principle) [37, 38, 93].
56 To achieve this, an ideal fitness function would maximize the probabilities of protein
57 sequences taking their native fold, and reduce the probability that these sequences
58 take any other fold. Because many protein sequences with low sequence identity can
59 adopt the same protein fold, a full-fledged design fitness function should theoretically
60 identify all sequences that fold into the same desired structural fold from a vast
61 number of sequences that do fold into alternative structures, or that do not fold.
62 Furthermore, an ideal fitness function should be able to characterize the properties of
63 fitness landscape of many proteins simultaneously. Such a fitness function would be
64 useful for designing novel proteins with novel functions, as well as for studying the
65 global evolution of protein structures and protein functions.
66 Several scoring functions for protein design have been developed based on
67 physical models. For redesigning protein cores, hydrophobicity and packing
68 specificity are the main ingredients of the scoring functions [13]. Van der Waals
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69 interactions and electrostatics have also been incorporated for protein design [37,
70 38]. A combination of terms including Lennard-Jones potential, repulsion,
71 Lazaridis–Karplus implicit solvation, approximated electrostatic interactions, and
72 hydrogen bonds is used in an insightful computational protein design experiment
73 [41]. Model of solvation energy based on surface area is a key component of several
74 other design scoring functions [37, 38, 89].
75 A variety of empirical scoring functions based on known protein structures have
76 also been developed for coarse-grained models of proteins. In this case, proteins are
77 not represented in atomic details but are often represented at the residue level.
78 Because of the coarse-grained nature of the protein representation, these scoring
79 functions allow rapid exploration of the search space of the main factors important
80 for proteins, and can provide good initial solutions for further refinement where
81 models with atomistic details can be used.
82 Many empirical scoring functions for protein fitness were originally developed
83 for the purposes of protein folding and structure prediction. Because the principles
84 are somewhat similar, they are often used directly for protein design. One promi-
85 nent class of empirical scoring functions is knowledge-based scoring functions,
86 which are derived from statistical analysis of database of protein structures [50, 57,
87 66, 76]. Here the interactions between a pair of residues are estimated from its
88 relative frequency in database when compared with a reference state or a null
89 model. This approach has found many successfully applications [29, 45, 48, 50, 58,
90 66, 73, 74, 90]. However, there are several conceptual difficulties with this
91 approach. These include the neglect of chain connectivity in the reference state, as
92 well as the problematic implicit assumption of Boltzmann distribution [6, 77, 78].
93 An alternative approach for empirical scoring function is to find a set of
94 parameters such that the scoring functions are optimized by some criterion, e.g.,
95 maximized score difference between native conformation and a set of alternative (or
96 decoy) conformations [5, 15, 23, 51, 55, 77, 79, 85, 86]. This approach has been
97 shown to be effective in protein fold recognition, where native structures can be
98 identified from alternative conformations [55]. However, if a large number of native
99 protein structures are to be simultaneously discriminated against a large number of

100 decoy conformations, no such scoring functions can be found [79, 86].
101 There are three key steps in developing an effective empirical fitness or scoring
102 function using optimization: (1) the functional form, (2) the generation of a large set
103 of decoys for discrimination, and (3) the optimization techniques. The initial step of
104 choosing an appropriate functional form is often straightforward. Empirical pair-
105 wise scoring functions are usually all in the form of weighted linear sum of
106 interacting residue pairs. In this functional form, the weight coefficients are the
107 parameters of the scoring function, which are optimized for discrimination. The
108 same functional form is also used in statistical potential, where the weight coeffi-
109 cients are derived from database statistics. The optimization techniques that have
110 been used include perceptron learning and linear programming [79, 86]. The
111 objectives of optimization are often maximization of score gap between native
112 protein and the average of decoys, or score gap between native and decoys with
113 lowest score, or the z-score of the native protein [23, 25, 39, 40, 56].

Global Nonlinear Fitness Function for Protein Structures 3

Layout: T1 Standard Book ID: 321384_1_En Book ISBN: 978-3-319-44979-1

Chapter No.: 1 Date: 10-6-2017 Time: 10:39 am Page: 3/35

A
u

th
o

r 
P

ro
o

f



U
N
C
O
R
R
EC

TE
D
PR

O
O
F

114 Here we are concerned with the problem of constructing a global fitness function
115 of proteins based on solving a simplified version of the protein design problem. We
116 aim to develop a globally applicable scoring function for characterizing the fitness
117 landscape of many proteins simultaneously. We would like to identify a protein
118 sequence that is compatible with a given three-dimensional coarse-grained structure
119 from a set of protein sequences that are taken from protein structures of different
120 folds. We will also discuss how to proceed to develop a full-fledged fitness function
121 that discriminates similar and dissimilar sequences adopting the same fold against
122 all sequences that adopt different folds and sequences that do not fold. In this study,
123 we do not address the problem of how to generate candidate template structural fold
124 or candidate sequence by searching either the conformation space or the sequence
125 space.
126 To develop an empirical fitness function that improves discrimination of native
127 protein sequence, we examine an alternative formulation of a scoring function, in
128 the form of mixture of nonlinear Gaussian kernel functions. We first use an opti-
129 mization technique based on quadratic programming. Instead of maximizing the
130 score gap, an objective function related to bounds of expected classification errors is
131 optimized [9, 68, 81, 84]. Experimentation shows that the derived nonlinear
132 function can discriminate simultaneously 440 native proteins against 14 million
133 sequence decoys. In contrast, a perfect scoring function of weighted linear sum
134 cannot be found using the interior point solver of linear programming following
135 [53, 79]. We also performed blind tests for native sequence recognition. Taking 194
136 proteins unrelated to the 440 training set proteins, the nonlinear fitness function
137 achieves a success rate of 93.3%. This result compares favorably with those when
138 using optimal linear scoring function (80.9 and 73.7% success rate) and statistical
139 potential (58.2%) [5, 58, 79].
140 However, this nonlinear fitness function is parameterized by about 350 native
141 proteins and 4700 nonprotein decoys, with a rather complex form. It is computa-
142 tionally expensive to evaluate the fitness of a candidate sequence using this func-
143 tion. Although obtaining a good answer at high computational cost is acceptable for
144 some tasks, it is difficult to incorporate a complex function in a search algorithm. It
145 is also difficult to characterize globally the landscape properties of proteins using a
146 complex function.
147 To simplify the nonlinear function for characterizing the fitness landscape of
148 proteins, we further developed a nonlinear kernel function using a rectangular
149 kernel, with proteins and decoys chosen a priori via a finite Newton method. The
150 total number of native proteins and decoy conformations included in the function
151 was reduced to about 3680. In the blind test of sequence design to discriminate 428
152 native sequences from 11 million challenging protein-like decoy sequences, this
153 fitness function misclassified only 20 native sequences (correct rate 95%), which far
154 outperforms statistical function [59] and linear optimal functions [4, 80]. It is also
155 comparable to the results of 18 misclassification (correct rate 91%) using the more
156 complex nonlinear fitness function with >5000 terms [28].
157 Our chapter is organized as follows. We first describe theory and model of linear
158 and nonlinear functions, including the kernel and rectangle kernel models and the
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159 optimization technique for sequence design. We then explain details of computa-
160 tion. Results of training and blind tests are then presented. We conclude with
161 discussion and remarks.

162 Theory and Models

163 Modeling Protein Fitness Function

164 To model a protein computationally, we first need to describe its geometric shape
165 and its sequence of amino acid residues. A protein can be represented by a d-
166 dimensional vector c 2 R

d . For example, a vector of number count of nonbonded
167 contacts between different types of amino acid residues in a protein structure. In this
168 case, the count vector c 2 R

d; d ¼ 210 is used as the protein descriptor. Once the
169 structures of a protein s and its amino acid sequence a are given, the protein
170 description f: ðs; aÞ 7!R

d will give the d-dimensional vector c. In the case of contact
171 vector, f corresponds to the mapping provided by specific contact definition, e.g.,
172 two residues are in contact if their distance is below a specific cutoff threshold
173 distance.
174 To develop fitness functions or scoring functions that allow the identification of
175 sequences most compatible with a specific given coarse-grained three-dimensional
176 structure, we can use a model analogous to the Anfinsen experiments in protein
177 folding. We require that the native amino acid sequence aN mounted on the native
178 structure sN has the best (lowest) fitness score compared to a set D ¼ sN ; aDf g of
179 alternative sequences, called sequence decoys, which are taken from unrelated
180 proteins known to fold into a different fold when mounted on the same native
181 protein structure sN :
182

Hðf ðsN ; aNÞÞ\Hðf ðsN ; aDÞÞ for all aD 2 D:
184184

185 Equivalently, the native sequence will have the highest probability to fit into the
186 specified native structure. This is the same principle described in [14, 46, 70].
187 Sometimes we can further require that the difference in fitness score must be greater
188 than a constant b[ 0:
189

Hðf ðsN ; aNÞÞþ b\Hðf ðsN ; aDÞÞ for all ðsD; aNÞ 2 D:
191191

192 A widely used functional form for H is the weighted linear sum of pairwise
193 contacts [50, 57, 66, 76, 79, 85]:
194

Hðf ðs; aÞÞ ¼ HðcÞ ¼ w � c; ð1Þ
196196
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197 where “�” denotes inner product of vectors. As soon as the weight vector w is
198 specified, the scoring function is fully defined. For such a linear fitness function, the
199 basic requirement is then
200

w � ðcN � cDÞ\0;
202202

203 or
204

w � ðcN � cDÞþ b\0; ð2Þ
206206

207 if we require that the difference in fitness between a native protein and a decoy must
208 be greater than a real value b. An ideal function therefore would assign the value
209 “−1” for native structure/sequence, and the value “+1” for decoys.

210 Two Geometric Views of Linear Protein Potentials

211 There is a natural geometric view of the inequality requirement for weighted linear
212 sum functions. A useful observation is that each of the inequalities divides the space
213 of Rd into two halfs separated by a hyperplane (Fig. 1a). The hyperplane of Eq. (2)
214 is defined by the normal vector ðcN � cDÞ and its distance b=jjcN � cDjj from the
215 origin. The weight vector w must be located in the half-space opposite to the
216 direction of the normal vector ðcN � cDÞ. This half-space can be written as
217 w � ðcN � cDÞþ b\0. When there are many inequalities to be satisfied simultane-
218 ously, the intersection of the half-spaces forms a convex polyhedron [17]. If the
219 weight vector is located in the polyhedron, all the inequalities are satisfied. Fitness
220 functions with such a weight vector w can discriminate the native protein sequence
221 from the set of all decoys. This is illustrated in Fig. 1a for a two-dimensional toy
222 example, where each straight line represents an inequality w � ðcN � cDÞþ b\0 that
223 the scoring function must satisfy.
224 For each native protein i, there is one convex polyhedronPi formed by the set of
225 inequalities associated with its decoys. If a scoring function can discriminate
226 simultaneously n native proteins from a union of sets of sequence decoys, the
227 weight vector w must be located in a smaller convex polyhedron P that is the
228 intersection of the n convex polyhedra:
229

w 2 P ¼
\n
i¼1

Pi:

231231

232 There is yet another geometric view of the same inequality requirements. If we
233 now regard ðcN � cDÞ as a point in R

d , the relationship w � ðcN � cDÞþ b\0 for all
234 sequence decoys and native proteins requires that all points fcN � cDg are located
235 on one side of a different hyperplane, which is defined by its normal vector w and
236 its distance b=jjwjj to the origin (Fig. 1b). Such a hyperplane exists if the origin is
237 not contained within the convex hull of the set of points fcN � cDg (see appendix of
238 Ref. [28] for a proof).
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Fig. 1 Geometric views of the inequality requirement for protein scoring function. Here we use a
two-dimensional toy example for illustration. a In the first geometric view, the space R

2 of
w ¼ ðw1;w2Þ is divided into two half-spaces by an inequality requirement, represented as a
hyperplane w � ðcN � cDÞþ b\0. The hyperplane, which is a line in R

2, is defined by the normal
vector ðcN � cDÞ, and its distance b=jjcN � cDjj from the origin. In this figure, this distance is set to
1.0. The normal vector is represented by a short line segment whose direction points away from
the straight line. A feasible weight vector w is located in the half-space opposite to the direction of
the normal vector ðcN � cDÞ. With the given set of inequalities represented by the lines, any weight
vector w located in the shaped polygon can satisfy all inequality requirements and provides a linear
scoring function that has perfect discrimination. b A second geometric view of the inequality
requirement for linear protein scoring function. The space R

2 of x ¼ ðx1; x2Þ, where
x � ðcN � cDÞ, is divided into two half-spaces by the hyperplane w � ðcN � cDÞþ b\0. Here
the hyperplane is defined by the normal vector w and its distance b=jjwjj from the origin. All points
fcN � cDg are located on one side of the hyperplane away from the origin, therefore satisfying the
inequality requirement. That is, a linear scoring function w such as the one represented by the
straight line in this figure can have perfect discrimination. c In the second toy problem, a set of
inequalities are represented by a set of straight lines according to the first geometric view. A subset
of the inequalities require that the weight vector w to be located in the shaded convex polygon on
the left, but another subset of inequalities require that w to be located in the dashed convex polygon
on the top. Since these two polygons do not intersect, there is no weight vector w that can satisfy
all inequality requirements. That is, no linear scoring function can classify these decoys from
native protein. d According to the second geometric view, no hyperplane can separate all points
fcN � cDg from the origin. But a nonlinear curve formed by a mixture of Gaussian kernels can
have perfect separation of all vectors fcN � cDg from the origin: It has perfect discrimination
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239 The second geometric view looks very different from the first one. However, the
240 second view is dual and mathematically equivalent to the first geometric view. In the
241 first view, a point cN � cD determined by the pair of native structure–sequence
242 cN ¼ ðsN ; aNÞ and decoy structure–sequence cD ¼ ðsN ; aDÞ corresponds to a
243 hyperplane representing an inequality. A solution weight vector w corresponds to a
244 point located in the final convex polyhedron. In the second view, each native–decoy
245 pair is represented as a point cN � cD in R

d , and the solution weight vector w is
246 represented by a hyperplane separating all the pointsC ¼ fcN � cDg from the origin.

247 Optimal Linear Fitness Function

248 There are many optimization methods for finding the weight vector w of linear
249 function. The Rosenblatt perceptron method works by iteratively updating an initial
250 weight vector w0 [55, 85]. Starting with a random vector, e.g., w0 ¼ 0, one tests
251 each native protein and its decoy structure. Whenever the relationship w � ðcN �
252 cDÞþ b\0 is violated, one updates w by adding to it a scaled violating vector
253 g � ðcN � cDÞ. The final weight vector is therefore a linear combination of protein
254 and decoy count vectors:
255

w ¼
X

gðcN � cDÞ ¼
X
N2N

aNcN �
X
D2D

aDcD: ð3Þ
257257

258 Here N is the set of native proteins, and D is the set of decoys. The set of
259 coefficients faNg[ faDg gives a dual form representation of the weight vector w,
260 which is an expansion of the training examples including both native and decoy
261 structures.
262 According to the first geometric view, if the final convex polyhedron P is
263 nonempty, there can be an infinite number of choices of w, all with perfect dis-
264 crimination. But how do we find a weight vector w that is optimal? This depends
265 on the criterion for optimality. The weight vector w that minimizes the variance

266
of score gaps between decoys and natives, argw min 1

jDj
P

w � ðcN � cDÞð Þ2�

267

1
jDj

P
D w � ðcN � cDÞð Þ

h i2
; is used in Ref. [79]. Other criteria include minimizing

268 the Z-score of a large set of native proteins, minimizing the Z-score of the native
269 protein and an ensemble of decoys [10, 56], maximizing the ratio R between the
270 width of the distribution of the score, and the average score difference between the
271 native state and the unfolded ones [23, 24]. Effective linear sum scoring functions
272 were obtained using these optimization techniques [15, 20, 23, 79, 85].
273 Here we describe yet another optimality criterion according to the second geo-
274 metric view.We can choose the hyperplane ðw; bÞ that separates the points fcN � cDg
275 with the largest distance to the origin. Intuitively, we want to characterize proteins
276 with a region defined by the training set points fcN � cDg. It is desirable to define this
277 region such that a new unseen point drawn from the same protein distribution as
278 fcN � cDg will have a high probability to fall within the defined region. Nonprotein

8 Y. Xu et al.
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279 points following a different distribution, which is assumed to be centered around the
280 origin when no a priori information is available, will have a high probability to fall
281 outside the defined region. In this case, we are more interested in modeling the region
282 or support of the distribution of protein data, rather than estimating its density dis-
283 tribution function. For linear scoring function, regions are half-spaces defined by
284 hyperplanes, and the optimal hyperplane ðw; bÞ is then the one with maximal distance
285 to the origin. This is related to the novelty detection problem and single-class support
286 vector machine studied in statistical learning theory [68, 83, 84]. In our case, any
287 nonprotein points will need to be detected as outliers from the protein distribution
288 characterized by fcN � cDg. Among all linear functions derived from the same set of
289 native proteins and decoys, an optimal weight vector w is likely to have the least
290 amount of mislabeling. This optimal weight vector w can be found by solving the
291 following quadratic programming problem:
292

Minimize 1
2 kwk2 ð4Þ

294294 subject to w � ðcN � cDÞþ b\0 for all N 2 D and D 2 D: ð5Þ
296296

297 The solution maximizes the distance b=jjwjj of the plane ðw; bÞ to the origin.

298 Relation to Support Vector Machines

299 There may exist multiple w′s if P is not empty. We can use the formulation of a
300 support vector machine to find a w. Let all vectors cN 2 R

d form a native training
301 set and all vectors cD 2 R

d form a decoy training set. Each vector in the native
302 training set is labeled as −1 and each vector in the decoy training set is labeled as
303 +1. Then solving the following support vector machine problem will provide an
304 optimal solution to inequalities (7):
305

Minimize 1
2 kwk2

subject to w � cN þ b� � 1
w � cD þ b� 1:

ð6Þ

307307

308 Note that a solution of the above problem satisfies the system of inequalities (7)
309 below, since subtracting the second inequality from the first inequality in the
310 constraint conditions of (6) will give us w � ðcN � cDÞ� � 2\ 0.
311

w � ðcN � cDÞ\0: ð7Þ
313313

314 Equation (6) is related to the standard support vector machine formulation
315 [9, 68, 81].
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316 Nonlinear Scoring Function

317 However, it is possible that the weight vector w does not exist, i.e., the final convex
318 polyhedron P ¼ Tn

i¼1 Pi may be an empty set. First, for a specific native protein i,
319 there may be severe restriction from some inequality constraints, which makes Pi

320 an empty set. For example, some decoys are very difficult to discriminate due to
321 perhaps deficiency in protein representation. It would be impossible to adjust the
322 weight vector so the native protein has a lower score than the sequence decoy.
323 Figure 1c shows a set of inequalities represented by straight lines according to the
324 first geometric view. A subset of inequalities (black lines) require that the weight
325 vector w to be located in the shaded convex polygon on the left, but another subset
326 of inequalities (green lines) require that w to be located in the dashed convex
327 polygon on the top. Since these two polygons do not intersect, there is no weight
328 vector that can satisfy all these inequality requirements. That is, no linear scoring
329 function can classify all decoys from the native protein. According to the second
330 geometric view (Fig. 1d), no hyperplane can separate all points (black and green)
331 fcN � cDg from the origin.
332 Second, even if a weight vector w can be found for each native protein, i.e., w is
333 contained in a nonempty polyhedron, it is still possible that the intersection of
334 n polyhedra is an empty set, i.e., no weight vector can be found that can dis-
335 criminate all native proteins against the decoys simultaneously. Computationally,
336 the question whether a solution weight vector w exists can be answered unam-
337 biguously in polynomial time [34]. When the number of decoys reaches millions,
338 no such a weight vector can be found in a computational study [28].
339 A fundamental reason for this failure is that the functional form of linear sum is
340 too simplistic. Additional descriptors of protein structures such as higher order
341 interactions (e.g., three-body or four-body contacts) should help [7, 47, 60, 94].
342 Here we take an alternative approach. We still limit ourselves to pairwise contact
343 interactions, although it can be naturally extended to include three or four body
344 interactions [47]. We introduce a nonlinear fitness function analogous to the dual
345 form of the linear function in Eq. (3), which takes the following form:
346

Hðf ðs; aÞÞ ¼ HðcÞ ¼
X
D2D

aDKðc; cDÞ �
X
N2N

aNKðc; cNÞ; ð8Þ
348348

349 where aD � 0 and aN � 0 are parameters of the scoring function to be determined,
350 and cD ¼ f ðsN ; aDÞ from the set of decoys D ¼ fðsN ; aDÞg is the contact vector of a
351 sequence decoy D mounted on a native protein structure sN , and cN ¼ f ðsN ; aNÞ
352 from the set of native training proteins N ¼ fðsN ; aNÞg is the contact vector of a
353 native sequence aN mounted on its native structure sN . The difference of this
354 functional form from linear function in Eq. (3) is that a kernel function Kðx; yÞ
355 replaces the linear term. A convenient kernel function K is

10 Y. Xu et al.
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356 Kðci; cjÞ ¼ e�c ci�cjk k2

for any vectors ci and cj 2 N[D; ð9Þ
358358

359 where c is a constant. The fitness function HðcÞ can be written compactly as
360

HðcÞ ¼
X
D2D

aDe
�c c�cDk k2 �

X
N2D

aNe
�c c�cNk k2 þ b ¼ Kðc;AÞDsaþ b; ð10Þ

362362

363 where A is the matrix of training data: A ¼ ðcT1 ; . . .; cTDj j; c
T
Dj j þ 1; . . .; c

T
Dj j þ Nj jÞT , and

364 the entry Kðc; cjÞ of Kðc;AÞ is e�cjjc�cjjj2 . Ds is the diagonal matrix with +1 and −1
365 along its diagonal representing the membership class of each point Ai ¼ cTi . Here a

366 is the coefficient vector: a ¼ ða1; . . .; a Dj j; a Dj j þ 1; . . .; a Dj j þNjÞT .
367 Intuitively, the fitness landscape has smooth Gaussian hills of height aD centered
368 on location cD of decoy contact vector D 2 D, and has smooth Gaussian cones of
369 depth aN centered on the location cN of native contact vector N 2 N. Ideally, the
370 value of the fitness function will be −1 for contact vectors cN of native proteins, and
371 will be +1 for contact vectors cD of decoys.

372 Optimal Nonlinear Fitness Function

373 To obtain such a nonlinear function, our goal is to find a set of parameters faD; aNg
374 such that HðcÞ has fitness value close to −1 for native proteins, and has fitness
375 values close to +1 for decoys. There are many different choices of faD; aNg. We use
376 an optimality criterion developed in statistical learning theory [9, 67, 82]. First, we
377 note that we have implicitly mapped each protein and decoy from R

d ; d ¼ 210 to
378 another high-dimensional space where the scalar product of a pair of mapped points
379 can be efficiently calculated by the kernel function Kð:; :Þ. Second, we find the
380 hyperplane of the largest margin distance separating proteins and decoys in the
381 space transformed by the nonlinear kernel [9, 67, 82, 84]. That is, we search for a
382 hyperplane with equal and maximal distance to the closest native protein sequence
383 and the closest decoys. Such a hyperplane has good performance in discrimination
384 [82]. It can be found by using support vector machine to obtain the parameters faDg
385 and faNg from solving the following primal form of quadratic programming
386 problem:
387

min
a2Rm

þ ;b2;R n2Rm

C
2 e � nþ 1

2 a � a
subject to Ds K A;Að ÞDsaþ beð Þþ n� e

n� 0;

ð11Þ

389389

390 where m is the total number of training points: m ¼ Dj j þ Nj j, C is a regularizing
391 constant that limits the influence of each misclassified conformation [9, 67, 82, 84],
392 and the m� m diagonal matrix of signs Ds with +1 or −1 along its diagonal

Global Nonlinear Fitness Function for Protein Structures 11

Layout: T1 Standard Book ID: 321384_1_En Book ISBN: 978-3-319-44979-1

Chapter No.: 1 Date: 10-6-2017 Time: 10:39 am Page: 11/35

A
u

th
o

r 
P

ro
o

f

yangdai
Highlight

yangdai
Sticky Note
D should be N



U
N
C
O
R
R
EC

TE
D
PR

O
O
F

393 indicating the membership of each point Ai in the classes +1 or −1; and e is an m-
394 vector with 1 at each entry. The variable ni is a measurement of error for each input
395 vector with respect to the solution: ni ¼ 1þ yiHðciÞ, where yi = −1 if i is a native
396 protein, and yi = +1 if i is a decoy.

397 Rectangle Kernel and Reduced Support Vector Machine
398 (RSVM)

399 The use of nonlinear kernels on large datasets typically demands a prohibiting size
400 of the computer memory in solving the potentially enormous unconstrained opti-
401 mization problem. Moreover, the representation of the landscape surface using a
402 large data set requires costly storage and computing time for the evaluation of a new
403 unseen contact vector c. To overcome these difficulties, the reduced support vector
404 machines (RSVM) developed by Lee and Mangasarian [44] use a very small ran-
405 dom subset of the training set to build a rectangular kernel matrix, instead of the use
406 of the conventional m� m kernel matrix KðA;AÞ in Eq. (11) for a training set of
407 m examples. This model can achieve about 10% improvement on test accuracy over
408 conventional support vector machine with random data sets of sizes between 1 and
409 5% of the original data [44]. The small subset can be regarded as a basis set in our
410 study. Suppose that the number of contact vectors in our basis set is �m, with
411 �m � m. We denote �A as an �m� d matrix, and each contact vector from the basis set
412 is represented by a row vector of �A. The resulting kernel matrix KðA; �AÞ from A and
413 �A has size m� �m. Each entry of this rectangular kernel matrix is calculated by

414 Kðci;�cjÞ, where cTi and �cTj are rows from A and �A, respectively. The RSVM is
415 formulated as the following quadratic program:
416

min
�a2R�m

þ ;b2R;n2R�m

C
2 n � nþ 1

2 ð�a � �aþ b2Þ
subject to DsðKðA; �AÞ�Ds�aþ beÞþ n� e

n� 0;

ð12Þ

418418

419 where �Ds is the �m� �m diagonal matrix with +1 or −1 along its diagonal, indicating
420 the membership of each point �Ai in the classes +1 or −1; and e is an m-vector with 1
421 at each entry. As shown in [44], the zero level set surface of the fitness function is
422 given by
423

HðcÞ ¼ Kðc; �AÞ�Ds�aþ b ¼
X
cD2�A

�aDe
�ckc�cDk2 �

X
cN2�A

�aNe
�ckc�cNk2 þ b ¼ 0; ð13Þ

425425

426 where ð�a; bÞ 2 R
�mþ 1 is the unique solution to (12). This surface discriminates

427 native proteins against decoys. Besides the rectangular kernel matrix, the use of
428 2-norm for the error n and an extra term b2 in the objective function of (12)
429 distinguishes this formulation from conventional support vector machine.

12 Y. Xu et al.
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430 Smooth Newton Method

431 In order to solve Eq. (12) efficiently, an equivalent unconstrained nonlinear pro-
432 gram based on the implicit Lagrangian formulation of (12) was proposed in [21],
433 which can be solved using a fast Newton method. We modified the implicit
434 Lagrangian formulation and obtain the unconstrained nonlinear program for the
435 imbalanced RSVM in Eq. (12). The Lagrangian dual of (12) is now [52]:
436

min
�a2R�m

þ

1
2
�a � ðQþ �DsðKðA; �AÞTKðA; �AÞþ eeT �DsÞ�a� e � �a; ð14Þ

438438

439 where Q ¼ I=C 2 R
�m��m, and I 2 R

�m��m is a unit matrix. Note that R�m
þ is the set of

440 nonnegative �m-vectors. Following [21], an equivalent unconstrained piecewise
441 quadratic minimization problem of the above positively constrained optimization
442 can be derived as follows:
443

min
�a2R�m

Lð�aÞ
¼ min

�a2R�m

1
2 �a � Q�a� e � �aþ 1

2 bðkð�b�aþQ�a� eÞþ k2 � kQ�a� ek2Þ: ð15Þ

445445

446 Here, b is a sufficiently large but bounded positive parameter to ensure that the
447 matrix bI � Q is positive definite, where the plus function ð�Þþ replaces negative
448 components of a vector by zeros. This unconstrained piecewise quadratic problem
449 can be solved by the Newton method in a finite number of steps [21]. The Newton
450 method requires the information of the gradient vector 5Lð�aÞ 2 R

�m and the gen-
451 eralized Hessian @2Lð�aÞ 2 R

�m��m of Lð�aÞ at each iteration. They can be calculated
452 using the following formula [21]:
453

5Lð�aÞ ¼ ðQ�a� eÞþ 1
b ðQ� bIÞððQ� bIÞ � eÞþ � 1

bQðQ�a� eÞ
¼ ðbI�QÞ

b ððQ�a� eÞ � ððQ� bIÞ�a� eÞþ Þ;
ð16Þ

455455

456 and
457

@2Lð�aÞ ¼ bI � Q
b

ðQþ diagððQ� bIÞ�a� eÞ	ðbI � QÞÞ; ð17Þ
459459

460 where diagð�Þ denotes a diagonal matrix and ðaÞ	 denotes the step function, i.e.,
461 ðaiÞ	 ¼ 1 if ai [ 0; and ðaiÞ	 ¼ 0 if ai � 0.
462 The main step of the Newton method is to solve iteratively the system of linear
463 equations
464

�5 Lð�aiÞþ @2Lð�aiÞð�aiþ 1 � �aiÞ ¼ 0; ð18Þ
466466

467 for the unknown vector �aiþ 1 with given �ai.
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468 We present below the algorithm, whose convergence was proved in [21]. We
469 denote @2Lð�aiÞ�1 as the inverse of the Hessian @2Lð�aiÞ.
470 Start with any �a0 2 R

�m. For i ¼ 0; 1. . .:

471 (i) Stop if 5Lð�ai � @2Lð�aiÞ�1 5 Lð�aiÞÞ ¼ 0.

472 (ii) �aiþ 1 ¼ �ai � ki@2Lð�aiÞ�1 5 Lð�aiÞ ¼ �ai þ kidi, where ki ¼ maxf1; 12 ; 14 ; � � �g is
473 the Armijo step size [61] such that

474475

Lð�aiÞ � Lð�ai þ kidiÞ� � dki 5 Lð�aiÞ � di; ð19Þ
477477

478 for some d 2 ð0; 12Þ, and di is the Newton direction
479

di ¼ �aiþ 1 � �ai ¼ �@2Lð�aiÞ�1 5 Lð�aiÞ; ð20Þ
481481

482 obtained by solving (18).

483 (iii) i ¼ iþ 1. Go to (i).

484 Computational Procedures

485 Protein Data

486 Protein Data for Linear and Full Nonlinear Fitness Function.

487 Following reference [87], we use protein structures contained in the WHATIF data-
488 base [22] in this study. WHATIF database contains a representative set of
489 sequence-unique protein structures generated from X-ray crystallography.
490 Structures selected for this study all have pairwise sequence identity <30%,
491 R-factor <0:21, and resolution <2:1 Å. This provides a good representative set of all
492 known protein structures.
493 Specifically, we use a list of 456 proteins compiled from the 1998 release
494 (WHATIF98) of the WHATIF database [86]. There are 192 proteins with multiple
495 chains in this dataset. Some of them have extensive interchain contacts. For these
496 proteins, it is possible that their conformations may be different if there are no
497 interchain contacts present. Thirteen protein chains are removed because they all
498 have extensive interchain contacts. We further remove three proteins because each
499 has >10% of residues missing with no coordinates in the Protein Data Bank file.
500 The remaining set of 440 proteins are then used as training set for developing
501 functions. Using the threading method described in section “Contact Maps and
502 Sequence Decoys”, we generated a set of 14,080,766 sequence decoys.

14 Y. Xu et al.
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503 Protein Data for Simplified Nonlinear Fitness Function

504 For constructing the simplified nonlinear fitness function using the rectangular
505 kernel, we used a list of 1515 protein chains compiled from the PISCES server [88].
506 Protein chains in this data set have pairwise sequence identity <20%, a resolution
507 � 1.6 Å, and an R-factor � 0.25. We removed incomplete proteins (i.e., those with
508 missing residues), and proteins with uncertain residues, as well as proteins with
509 fewer than 46 and more than 500 amino acids. In addition, we removed protein
510 chains with more than 30% extensive interchain contacts. The remaining set of
511 1228 proteins are then randomly divided into two sets. One set includes 800 pro-
512 teins and the other one includes 428 proteins. Using the sequence threading method,
513 we generated 36,823,837 nonprotein decoys, together with 800 native proteins as
514 the training set, and 11,144,381 decoy nonproteins with 428 native proteins as the
515 test set.
516 As there is a wide range of protein chain length in this dataset, we normalize the
517 number of contacts for each type of pairwise contact of a protein using Eq. (21) in
518 the study of nonlinear fitness function using rectangle kernel. This equation is
519 obtained from a linear regression on the relationship between the number of total
520 contacts and the length of the protein,
521

Ncontacts ¼ 3:090 � Lprotein � 76:182; ð21Þ
523523

524 where Ncontacts is the number of contacts for a protein, and Lprotein is the number of
525 the protein residues.

526 Contact Maps and Sequence Decoys

527 Alpha Contact Maps

528 Because protein molecules are formed by thousands of atoms, their shapes are
529 complex. We use the count vector of pairwise contact interactions. Here contacts
530 are derived from the edge simplices of the alpha shape of a protein structure [18, 48,
531 49]. These edge simplices represent nearest-neighbor interactions that are in
532 physical contacts. They encode precisely the same contact information as a subset
533 of the edges in the Voronoi diagram of the protein molecule. These Voronoi edges
534 are shared by two interacting atoms from different residues, but intersect with the
535 body of the molecule modeled as the union of atom balls. We refer to references
536 [18, 48, 49] for further theoretical and computational details.

537 Generating Sequence Decoys by Threading

538 We use the gapless threading method to generate a large number of decoys [33, 51,
539 60]. We thread the sequence of a larger protein through the structure of a smaller
540 protein, and obtain sequence decoys by mounting a fragment of the sequence of the
541 large protein to the full structure of the small protein. We therefore have for each
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542 native protein ðsN ; aNÞ a set of sequence decoys ðsN ; aDÞ (Fig. 2). Because all native
543 contacts are retained in this case, sequence decoys obtained by gapless threading are
544 challenging.

545 Learning Linear Fitness Function

546 For comparison, we have also developed optimal linear fitness function following
547 the method and computational procedure described in reference [79]. We apply the
548 interior point method as implemented in BPMD package by Mészáros [54] to
549 search for a weight vector w. We use two different optimization criteria as described
550 in Ref. [79]. The first is
551

Identify w
subject to w � ðcN � cDÞ\e and jwij � 10;

553553

554 where wi denotes the i-th component of weight vector w, and e ¼ 1� 10�6. Let
555 C ¼ fcN � cDg, and jCj the number of decoys. The second optimization criterion is
556

Minimize min 1
jCj

P
w � ðcN � cDÞð Þ2� 1

jCj
P

w � ðcN � cDÞð Þ
h i2

subject to w � ðcN � cDÞ\e:
558558

... ... ... ...

... ... ... ...

Fig. 2 Decoy generation by gapless threading. Sequence decoys can be generated by threading
the sequence of a larger protein to the structure of an unrelated smaller protein. As an illustration,
here the sequences of different portions of the larger protein structure (top), which have different
native substructures (middle), are threaded onto the same unrelated smaller protein (bottom).
Specifically, for a small protein of length n and a large protein of length N, we first take the
subsequence from 1 to n of the larger protein and map it onto the structure of the small protein. We
then start at position 2 and take the subsequence from 2 to nþ 1. This is repeated until the last
decoy is generated by taking the subsequence from N � nþ 1 to N from the larger protein.
Altogether, we can obtain a total of N � nþ 1 decoys from this protein pair
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559 Learning Full Nonlinear Fitness Function

560 We use SVMlight (http://svmlight.joachims.org/) [32] with Gaussian kernels and a
561 training set of 440 native proteins plus 14,080,766 decoys to obtain the optimized
562 parameter faN ; aDg. The regularization constant C takes the default value, which is
563 estimated from the training set N[D:
564

C ¼ jN[Dj2=
X

x2N[D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kðx; xÞ � 2 � Kðx; 0ÞþKð0; 0Þ

p" #2

: ð22Þ
566566

567 Since we cannot load all 14 millions decoys into computer memory simulta-
568 neously, we use a heuristic strategy for training. Similar to the procedure reported in
569 [79], we first randomly selected a subset of decoys that fits into the computer
570 memory. Specifically, we pick every 51st decoy from the list of 14 million decoys.
571 This leads to an initial training set of 276,095 decoys and 440 native proteins. An
572 initial protein fitness function is then obtained. Next the scores for all 14 million
573 decoys and all 440 native proteins are evaluated. Three decoy sets were collected
574 based on the evaluation results: the first set contains the violating decoys which
575 have lower score than the native structures; the second set contains decoys with the
576 lowest absolute score, and the third set contains decoys that participate in HðcÞ as
577 identified in previous training process. The union of these three subsets of decoys is
578 then combined with the 440 native proteins as the training set for the next iteration
579 of learning. This process is repeated until the score difference to native protein for
580 all decoys is greater than 0.0. Using this strategy, the number of iterations typically
581 is between 2 and 10. During the training process, we set the cost factor j in
582 SVMlight to 120, which is the factor training errors on native proteins, outweighs
583 training errors on decoys.

584 The value of r2 for the Gaussian kernel Kðx; yÞ ¼ e�jjx�yjj2=2r2 is chosen by
585 experimentation. If the value of r2 is too large, no parameter set faN ; aDg can be
586 found such that the fitness scoring function can perfectly classify the 440 training
587 proteins and their decoys, i.e., the problem is unlearnable. If the value of r2 is too
588 small, the performance in blind test will deteriorate. The final design fitness
589 function is obtained with r2 set to 416.7.

590 Learning Simplified Nonlinear Fitness Function

591 Selection of matrix A for iterative training

592 We used only a subset of the 36 million decoys and native structures so they could
593 fit into the computer memory during training. These structures formed the data
594 matrix A, which was used to construct the kernel matrix KðA; �AÞ. We used a
595 heuristic iterative approach to construct matrices A and �A during each iteration.
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596 Initially, we randomly selected 10 decoys for each of the j-th native protein from
597 the set of decoys Dj. We have then m 
 8000 decoys for the 800 native proteins.
598 We further chose only 1 decoy from the selected 10 decoys for each native protein
599 j. These 800 decoys were combined with the 800 native proteins to form the initial
600 matrix A. The contact vectors of a subset of 480 native proteins (60% of the original
601 800 proteins) and 320 decoys (40% of the 800 selected decoys) were then randomly
602 chosen to form �A. An initial fitness function HðcÞ was then obtained using A and �A.
603 The fitness values of all 36 million decoys and the 800 native proteins were then
604 evaluated using HðcÞ. We further used two iterative strategies to improve upon the
605 fitness function HðcÞ.
606 [Strategy 1] In the i-th iteration, we selected the subset of misclassified decoys
607 fromDj associated with the j-th native protein and sorted them by their fitness value
608 in descending order, so the misclassified decoys with least violation, namely,
609 negative but smallest absolute values in HðcÞ, are on the top of the list. If there are
610 fewer than 10 misclassified decoys, we add top decoys that were misclassified in the
611 previous iteration for this native protein, if they exist, such that each native protein
612 has 10 decoys.
613 A new version of the matrix A was then constructed using these 8000 decoys and
614 the corresponding 800 native proteins. To obtain the updated �A, from these 8800
615 contact vectors, we randomly selected 480 native proteins (60%) and 3200 unpaired
616 decoy nonproteins (40%) to form �A.
617 The iterative training process was then repeated until there was no improvement
618 in the classification of the 36 million decoys and the 800 native proteins from the
619 training set. Typically, the number of iterations was about 10. In subsequent studies,
620 we experimented with different percentages of selected decoys, ranging from 10 to
621 100% to examine the effect of the size of �A on the effectiveness of the fitness
622 function HðcÞ.
623 [Strategy 2] In the i-th iteration, we selected the top 10 correctly classified
624 decoys sorted by their fitness value in ascending order for each native protein,
625 namely, those correctly classified decoy with positive but smallest absolute values
626 are selected. These contact vectors of 8000 selected decoys are combined with the
627 800 native proteins to form the new data matrix A.
628 To construct �A, we first selected the most challenging native proteins by taking
629 the top 80 correctly classified native proteins (10%) sorted by their fitness value in
630 descending order, namely, those that are negative but with smallest absolute values
631 in HðcÞ. We then randomly took 400 native proteins (50%) from the rest of the
632 native protein set, so altogether we have 480 native proteins (60%). Similarly, we
633 selected the top one decoy that is most challenging from the 10 chosen decoys in
634 A for each native protein, namely, the top decoy that is correctly classified with
635 positive but smallest value of HðcÞ. We then randomly selected three decoys for
636 each native protein from the remaining decoys in A to obtain 3200 decoy non-
637 proteins (40%). The matrix �A is then constructed from the selected 480 native
638 proteins and 3200 decoy nonproteins. The iterative training process was repeated

18 Y. Xu et al.
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639 until there was no improvement in classification of the 36 million decoys and 800
640 native proteins in the training set. Typically, the number of iteration was about 5.
641 In the subsequent studies, we evaluated our method with different choices of
642 challenging native proteins. The selection ranges from the top 10 to 60% most
643 challenging native proteins. The choice of the challenging decoys was also varied,
644 where we experimented with choosing the top one to the top four most challenging
645 decoys for each native protein, while the number randomly selected decoys varies
646 from three to zero.

647 Learning parameters

648 There are two important parameters: the constant c in the kernel function e�cjjci�ck2 ,
649 and the cost factors C, which is used during training so errors on positive examples
650 were adjusted to outweigh errors on negative examples. Our experimentation
651 showed that c ¼ 5:0� 10�5 and C ¼ 1:0� 104 were reasonable choices.

652 Results

653 Linear Fitness Functions

654 To search for the optimal weight vector w for the linear fitness function, we used
655 linear programming solver based on interior point method as implemented in
656 BPMD by Mészáros [54]. After generating 14,080,766 sequence design decoys for
657 the 440 proteins in the training set, we searched for an optimal w that can dis-
658 criminate native sequences from decoy sequences, namely, parameters w for
659 Hðs; aÞ ¼ w � c, such that w � cN\w � cD for all sequences. However, we failed to
660 find a feasible solution for the weight vector w. That is, no w exists capable of
661 discriminating perfectly 440 native sequences from the 14 million decoy sequences.
662 We repeated the same experiment using a larger set of 572 native proteins from
663 reference [79] and 28,261,307 sequence decoys. The result was also negative.

664 Full Nonlinear Fitness Function

665 We used the set of 440 native proteins and 14 million decoys to derive nonlinear
666 kernel fitness functions. We succeeded in finding a function in the form of Eq. (8)
667 that can discriminate all 440 native proteins from 14 million decoys.
668 Unlike statistical scoring functions where each native protein in the database
669 contributes to the empirical scoring function, only a subset of native proteins
670 contribute and have aN 6¼ 0. In addition, a small fraction of decoys also contribute
671 to the fitness function. Table 1 lists the details of the fitness function, including the
672 numbers of native proteins and decoys that participate in Eq. (8). These numbers
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673 represent about 50% of native proteins and \0:1% of decoys from the original
674 training data.

675 Discrimination Tests for Sequence Design Using Full Nonlinear Fitness Function.

676 Blind test in discriminating native proteins from decoys for an independent test set
677 is essential to assess the effectiveness of design fitness or scoring functions. To
678 construct such a test set, we first take the entries in WHATIF99 database that are not
679 present in WHATIF98. After eliminating proteins with chain length less than 46
680 residues, we obtain a set of 201 proteins. These proteins all have <30% sequence
681 identities with any other sequence in either the training set or the test set proteins.
682 Since 139 of the 201 test proteins have multiple chains, we use the same criteria
683 applied in training set selection to exclude 7 proteins with extensive interchain
684 contacts, or with >10% residues missing in the PDB files. This leaves a smaller set
685 of test proteins of 194 proteins. Using gapless threading, we generate a set of
686 3,096,019 sequence decoys from the set of 201 proteins. This is a superset of the
687 decoy set generated using 194 proteins.
688 To test design fitness functions for discriminating native proteins from sequence
689 decoys in both the 194 and the 201 test sets, we take the sequence a from the
690 conformation–sequence pair ðsN ; aÞ for a protein with the lowest score as the
691 predicted sequence. If it is not the native sequence aN , the discrimination failed and
692 the design fitness function does not work for this protein.
693 For comparison, we also test the discrimination results of optimal linear scoring
694 function taken as reported in Ref. [79], as well as the statistical potential developed
695 by Miyazawa and Jernigan. Here we use the contact definition reported in [79], that
696 is, two residues are declared to be in contact if the geometric centers of their side
697 chains are within a distance of 2.0–6.4 Å.
698 The nonlinear design fitness function capable of discriminating all of the 440
699 native sequences works well for the test set (Table 2). It succeeded in correctly
700 identifying 93.3% (181 out of 194) of native sequences in the independent test set
701 of 194 proteins. This compares favorably with results obtained using optimal linear

Table 1 Derivation of kernel
fitness function

Design Scoring Function

r2 ¼ 416:7

Num. of Vectors Natives 220

Decoys 1685

Range of Score
Values

Natives 0:9992� 4:598

Decoys �9:714� 0:7423

Range of Smallest Score Gap 0:2575� 11:53

Details of derivation of nonlinear kernel design scoring functions.
The numbers of native proteins and decoys with nonzero ai
entering the scoring function are listed. The range of the score
values of natives and decoys are also listed, as well as the range
of the smallest gaps between the scores of the native protein and
decoy. Details for nonlinear kernel folding scoring function are
also listed

20 Y. Xu et al.
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702 folding scoring function taken as reported in [79], which succeeded in identifying
703 80.9% (157 out of 194) of this test set. It also has better performance than optimal
704 linear scoring function based on calculations using parameters reported in reference
705 [5], which succeeded in identifying 73.7% (143 out of 194) of proteins in the test
706 set. The Miyazawa–Jernigan statistical potential succeeded in identifying 113
707 native proteins out of 194 (success rate 58.2%).

708 Running time

709 The evaluation of the nonlinear fitness function requires more computation than
710 linear function, but the time requirement is modest: on an AMD AThlon MP1800
711 + machine of 1.54 GHz clock speed with 2 GB memory, we can evaluate the
712 fitness function for 8130 decoys per minute.

713 Results of Simplified Nonlinear Fitness Function

714 Performance in discrimination

715 We used the set of 428 native proteins and 11,144,381 decoys for testing the
716 designed fitness function. We took the sequence a for a protein such that c ¼
717 f ðsN ; aÞ has the best fitness value as the predicted sequence. If it is not the native
718 sequence aN , then the design failed and the fitness function did not work for this
719 protein.
720 The simplified nonlinear fitness function for protein design we obtained is
721 capable of discriminating 796 of the 800 native sequences (Table 2). It also suc-
722 ceeded in correctly identifying 95% (408 out of 428) of the native sequences in the
723 independent test set. Results for other methods were taken from literature obtained
724 using much smaller and less challenging data set. Overall, the performance of our
725 method is better than results obtained using the optimal linear scoring function
726 taken as reported in [80] and in [4], which succeeded in identifying 78% (157 out of
727 201) and 71% (143 out of 201) of the test set, respectively. Our results are also

Table 2 Number of misclassification compared with other methods

Method Training set
800/36 M

Training set
440/14 M

Test set
428/11 M

Test set
201/3 M

Nonlinear function 4/988 NA 20/218 NA

Tobi et al. NA 192/39,583 NA 44/53,137

Bastolla et al. NA 134/47,750 NA 58/29,309

Miyazawa and
Jernigan

NA 173/229,549 NA 87/80,716

The number of misclassification using simplified nonlinear fitness function, optimal linear scoring
function taken as reported in [4, 80], and Miyazawa–Jernigan statistical potential [59] for both
native proteins and decoys (separated by “/”) in the test set and the training set. The simplified
nonlinear function is formed using a basis set of 3680 (480 native + 3200 decoy) contact vectors
derived using Strategy 2
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728 better than the Miyazawa–Jernigan statistical potential [59] (success rate 58%, 113
729 out of 201). This performance is also comparable with the full nonlinear fitness
730 function, with >5000 terms [28], which succeeded with a correct rate of 91% (183
731 out of 201).

732 Effect of the size of the basis set �A using Strategy 1

733 The matrix �A contains both proteins and decoys from A and its size is important in
734 discrimination of native proteins from decoys. We examined the effects of different
735 sizes of �A using Strategy 1. For a data matrix A consisting of 800 native proteins
736 and 8000 sequence decoys derived following the procedure described earlier, we
737 tested different choices of �A on the performance of discrimination. With the data
738 matrix A, we fixed the selection of the 480 native proteins (60%) and experimented
739 with random selection of different numbers of decoys, ranging from 800 (10%) to
740 8000 (100%) to form different �As (Table 3).
741 The results of classifying both the training set of 800 native proteins with 36
742 million decoys and the test set of 428 native proteins with 11 million decoys are
743 shown in Table 4. When 60% (480) native proteins and 100% (8000) decoys are
744 included, there are only 5 native proteins misclassified in the training set and 24
745 native proteins in the test set.

746 Effect of the size of the preselection of dataset using Strategy 2

747 We also examined the effects of different choices in constructing matrix �A using
748 Strategy 2. We varied our selection of the most challenging native proteins from the
749 top 10 to 60%, and varied selection of the most challenging decoys from the top one
750 to the top four decoys for each native protein. Results are shown in Table 5. We
751 found that the performances of the discrimination of both the training set and test set

Table 3 Discriminating large proteins from decoys

pdb N n aDesign Decoy
by KDF

cSwissProt Decoy by KDF

H Dscore n H Dscore

1cs0.a 1073 0 2.67 N/A 8232 2.67 2.42

1g8k.a 822 545 2.07 4.18 11,997 2.07 1.69

1gqi.a 708 1002 3.03 5.16 13,707 3.03 2.16

1kqf.a 981 93 2.19 5.17 9612 2.19 1.82

1lsh.a 954 148 1.97 4.57 10,017 1.97 2.01

Discrimination of five large proteins against sequence decoys generated by gapless threading, and
against additional sequence decoys generated by threading unrelated long proteins (length from
1124 to 2459) to the structures of these five proteins. Here pdb is the PDB code of the protein
structure, N is the size of protein, n is the number of decoys, H is the predicted value of the scoring
function, Dscore is the smallest gap of score between the native protein and its decoys. The results
show that all decoys can be discriminated from natives, and the smallest score gaps between native
and decoys are large

AQ3
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752 have little changes when either native proteins selection rate is changed from 10 to
753 60%, or decoys selection rate is changed from the top 1 to the top 4. Overall, these
754 results suggest that a fitness function with good discrimination can be achieved with
755 about 480 native proteins and 3200 decoys, along with 400 preselected native
756 proteins and 800 preselected top-1 decoys. Our final fitness function used in Table 2
757 is constructed using a basis set of 3680 contact vectors. The average number of
758 iterations is about 5 using Strategy 2, which is much faster than Strategy 1.
759 Overall, using Strategy 2 leads to overall better performance compared to using
760 Strategy 1 (Table 5 vs. Table 4). That is, the fitness function formed by preselecting
761 the top 1 decoys and top 50% native proteins using Strategy 2 works well to
762 discriminating native proteins from decoys. Furthermore, our method is robust. The
763 overall performance using either Strategy 1 or Strategy 2 is stable when decoy
764 selection rate changes from 5 to 90%.

Table 4 Effects of the size of basis set �A on performance of discrimination using Strategy 1

Select decoys
rate (%)

Iteration Training set
Native/Decoy 800/36 M

Fb Test set Native/Decoy
428/11 M

Fb

0 4 21/1374 0.958 26/387 0.931

2 5 19/1029 0.964 27/219 0.933

5 5 17/1303 0.963 21/317 0.944

8 5 13/1246 0.969 23/274 0.941

10 5 14/922 0.972 24/216 0.940

20 6 16/902 0.969 28/250 0.930

30 6 10/1037 0.975 29/304 0.926

40 10 16/812 0.970 27/199 0.933

50 10 13/1112 0.971 25/269 0.936

60 12 15/802 0.972 27/237 0.932

70 9 13/947 0.973 24/256 0.939

80 8 11/1078 0.973 28/278 0.929

90 9 12/690 0.977 27/170 0.934

100 5 5/2681 0.962 24/609 0.931

The number of misclassifications of both native proteins and decoys (separated by “/”) with select
native proteins rate 60% in both training set and test set is listed. Misclassifications as well as the
Fb scores in two tests using different numbers of native proteins and decoys are listed (see text for
details). Here the Fb score is used to evaluate the performance of predictions. Fb is defined as

Fb ¼ ð1þ b2Þ Precision�Recall
b2�PrecisionþRecall ;

where TP is the number of true positives, FP is the number of false positives, FN is the number of

false negatives, Precision is calculated as TP
ðTPþFNÞ, and Recall is calculated as TP

ðTPþFNÞ. When

b[ 1, recall is emphasized over precision. When b\1, precision is emphasized over recall.
Because of the imbalanced nature of the data set with much more decoys than native proteins, we
assign more weight on the small set of native proteins, with b set to 10. The Fb scores are then
calculated accordingly) AQ4
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765 Discrimination against a different decoy set

766 We further examine how well decoys generated by a different approach can be
767 discriminated using the nonlinear fitness function. We selected 799 training proteins
768 and 428 test proteins for this further test. Figure 4a shows the length distribution of
769 these 1227 proteins. To generate decoys, we fixed the composition of each of these
770 proteins and permute its sequence by carrying out n swaps between random resi-
771 dues, with n ¼ 1; 2; 4; 8; 16; 32; 64, and 128. The resulting decoys all have the same
772 amino acid composition as the original native proteins, but have progressively more
773 point mutations. We generate 1000 random sequence decoys at each swap n for
774 each protein. We call this Decoy Set 2.
775 Our results show that the number of misclassified decoys decreases rapidly as
776 the number of swaps increases. When n increases from 1 to 32, the percentage of
777 misclassified decoys for protein of length � 250 is about 30% or less. Less than
778 30% of the decoys of all lengths are misclassified when n ¼ 64, with the rate of
779 misclassification much smaller than 10% among those with length <350 (Fig. 4b).
780 Only 62 decoys are misclassified among 1,227,000 decoys when N� 128 (Fig. 4b).
781 It is informative to examine the number of misclassified decoys and the sequence
782 identity of the decoys with their corresponding native proteins at different protein
783 lengths. Figure 4c shows that the percentage of misclassified decoys decreases
784 rapidly with the sequence identity to the native proteins. When decoys have a

Table 5 Effect of the size of the preselection of dataset using Strategy 2

Preselect native
proteins top
(%)

Preselect
decoys
top

Iteration Training Set
Native/Decoy
800/36 M

Fb Test set
Native/Decoy
428/11 M

Fb

0 1 6 8/1010 0.978 25/212 0.938

2 1 5 5/1079 0.981 24/266 0.939

5 1 5 5/1038 0.981 24/247 0.939

8 1 5 5/1093 0.981 24/249 0.939

10 1 5 5/997 0.982 24/242 0.939

20 1 6 9/625 0.981 26/174 0.936

30 1 6 9/689 0.980 24/211 0.940

40 1 6 8/869 0.980 25/218 0.937

50 1 5 4/988 0.983 20/218 0.949

60 1 5 6/1039 0.980 24/280 0.938

10 1 5 5/997 0.982 24/242 0.939

10 2 5 6/1270 0.977 22/372 0.941

10 3 7 9/934 0.978 22/247 0.944

10 4 5 5/1071 0.981 24/210 0.944

Test results using Strategy 2 with different sizes of the preselected native proteins, which range
from 0 to 60% while the preselected decoys are fixed as the top 1 level, and with different
preselected decoys, which ranges from the top 1s to the top 4s while the preselected native proteins
are fixed at 10%. Misclassifications as well as the Fb scores in two tests using different numbers of
native proteins and decoys are listed (see text for details)

24 Y. Xu et al.
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785 sequence identity of � 60% with the native protein, <10% of the decoys are
786 misclassified, and all decoys can be discriminated against at 40% identity for
787 proteins of length � 150. For proteins of length � 150, most decoys with � 50%
788 sequence identity can be corrected discriminated against. These observations are
789 consistent with current understanding of protein structures, where most proteins
790 with � 70% sequence identity belong to the same family [27], and those with
791 � 30% sequence identity have similar structure [64].
792 To examine whether misclassified decoy sequences are actually more native-like
793 and therefore more likely to potentially adopt the correct structures than those
794 correctly classified as nonnatives, we selected 5.5 M misclassified decoys and
795 4.3 M correctly classified decoys from all decoys in Decoy Set 2, and examined
796 their energy values. We use the DFIRE energy function that was developed in [91,
797 92]. These decoys all have values of net DFIRE energy difference of decoys to
798 native proteins between [0.0, 1.0] kcal/mol. Our results (Fig. 4d) show that overall,
799 misclassified decoys have much lower average DFIRE energy values than correctly
800 classified decoys, indicating that they are potentially more native-like than those
801 correctly classified as decoys.

802 Running Time

803 For the simplified nonlinear fitness function derived from a rectangular kernel, the
804 algorithm was implemented in the C language. It called Lapack [2] and used LU
805 decomposition to solve the system of linear equations. It also called an SVD routine
806 to determine the 2-norm of a matrix for calculating b ¼ 1:1ð1=Cþ jjDA� ejj22Þ.
807 Once matrices A and �A were specified, the fitness function HðcÞ can be derived in
808 about 2 h and 10 min on a 2 Dual Core AMD Opteron(tm) Processors of
809 1800 MHz with 4 Gb memory for an A of size 8800� 210 and an �A of size
810 3680� 210. The evaluation of the fitness of 14 million decoys took 2 h and 10 min
811 using 144 CPUs of a Linux cluster [2 Dual Core AMD Opteron(tm) Processors of
812 1.8 GHz with 2 Gb memory for each node]. Because of the large size of the data
813 set, the bottleneck in computation is disk IO.

814 Discussion

815 Full Nonlinear Fitness Function for Global Fitness Function of Proteins

816 A basic requirement for computational studies of protein design is an effective
817 fitness or scoring function, which allows searching and identifying sequences
818 adopting the desired structural templates. The goal of this study is to explore ways
819 to improve the sensitivity and/or specificity of discrimination.
820 There are several routes toward improving empirical fitness functions. One
821 approach is to introduce higher order interactions, where three-body or four-body
822 interactions are explicitly incorporated in the fitness function [7, 48, 60, 63, 94]. We
823 develop a different framework for developing empirical protein fitness functions,
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824 with the goal of simultaneous characterization of fitness landscapes of many pro-
825 teins. We use a set of Gaussian kernel functions located at both native proteins and
826 decoys as the basis set. Decoy set in this formulation is equivalent to the reference
827 state or null model used in statistical potential. The expansion coefficients
828 faNg;N 2 N and faDg;D 2 D of the Gaussian kernels determine the specific form
829 of the fitness function. Since native proteins and decoys are nonredundant and are
830 represented as unique vectors c 2 R

d , the Gram matrix of the kernel function is full
831 rank. Therefore, the kernel function effectively maps the protein space into a
832 high-dimensional space in which effective discrimination with a hyperplane is
833 easier to obtain. The optimization criterion here is not Z-score, rather we search for
834 the hyperplane in the transformed high-dimensional space with maximal separation
835 distance between the native protein vectors and the decoy vectors. This choice of
836 optimality criterion is firmly rooted in a large body of studies in statistical learning
837 theory, where expected number of errors in classification of unseen future test data
838 is minimized probabilistically by balancing the minimization of the training error
839 (or empirical risk) and the control of the capacity of specific types of functional
840 form of the fitness function [9, 68, 81].
841 This approach is general and flexible, and can accommodate other protein rep-
842 resentations, as long as the final descriptor of protein and decoy is a d-dimensional
843 vector. In addition, different forms of nonlinear functions can be designed using
844 different kernel functions.

845 Nonlinear Fitness Function Generalize Well: Global Fitness Function Can
846 Discriminate Dissimilar Proteins

847 As any other discrimination problems, the success of classification strongly depends
848 on the training data. If the fitness function is challenged with a drastically different
849 protein than proteins in the training set, the classification may fail. To further test
850 how well the nonlinear fitness function performs when discriminating proteins that
851 are dissimilar to those contained in the training set, we take five proteins that are
852 longer than any training proteins (lengths between 46 and 688). These are obtained
853 from the list of 1261 polypeptide chains contained in the updated Oct. 15, 2002
854 release of WHATIF database. The first test is to discriminate the 5 proteins from 1728
855 exhaustively generated design decoys using gapless threading. The second test is to
856 discriminate these 5 proteins from exhaustively enumerated sequence decoys
857 generated by threading 14 large protein sequences of unknown structures obtained
858 from SwissProt database, whose sizes are between 1124 and 2459. This is neces-
859 sary since structures of the longest chains otherwise have few or no threading
860 decoys. Table 3 lists results of these tests, including the predicted score value and
861 the smallest gap between the native protein and decoys. For the first test, the
862 nonlinear design fitness functions can discriminate these 5 native proteins from all
863 decoys in the first test. For the second test, the design fitness function can also
864 discriminate all 5 proteins from a total of 53,565 SwissProt sequence decoys, and
865 the smallest score gaps between native and decoys are large.

26 Y. Xu et al.
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866 It is infrequent for an unknown test protein to have low similarity to all reference
867 proteins. For each protein in the 440 training set, we calculate its Euclidean distance
868 to the other 439 proteins. The distribution of the 440 maximum distances for each
869 training protein to all other 439 proteins is shown in Fig. 3a. We also calculate for
870 each protein in the 201 test set its maximum distance to all training proteins
871 (Fig. 3b). It is clear that for most of the 201 test proteins, the values of maximum
872 distances to training proteins are similar to the values for training set proteins. The
873 only exceptions are two proteins, ribonuclease inhibitor (1a4y.a) and formalde-
874 hyde ferredoxin oxidoreductase (1b25.a). Although they are correctly classified,
875 the former has significant amount of unaccounted interchain contact with another
876 protein angiogenin, and the latter has iron/sulfur clusters. It seems that the set of
877 training proteins provide an adequate basis set for characterizing the global fitness
878 landscape of sequence design for other proteins.

879 Simplified Nonlinear Fitness Function

880 We have also developed a simplified nonlinear kernel function for fitness landscape
881 of protein design using a rectangular kernel and a fast Newton method. The results
882 in a blind test are encouraging. They suggest that for a simplified task of designing
883 simultaneously 428 proteins from a set of 11 million decoys, the search space of
884 protein shape and sequence can be effectively parameterized with just about 3680
885 basis set of contact vectors. It is likely that the choice of matrix A is important. We
886 showed that once A is carefully chosen, the overall design landscape is not overly
887 sensitive to the specific choice of the basis set contact vectors for �A.
888 The native protein list in both training and test sets for the simplified nonlinear
889 fitness function come from the PISCES server, which has the lowest pairwise
890 identity (20%), finer resolution cutoff (1.6 Å), and lower R-factor cutoff (0.25). This
891 native dataset is better than the dataset derived from the WHATIF database, which has
892 looser constraints: pairwise sequence identity <30%, resolution cutoff <2:1 Å, and
893 R-factor cutoff <2:1. We compared our results with classic studies of Tobi et al.
894 [80], Bastolla et al. [4], and Miyazawa and Jernigan [59]. Although the training set
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Fig. 3 The distribution of maximum distances of proteins to the set of training proteins. a The
maximum distance for each training protein to all other 439 proteins. b The maximum distance for
each protein in the 201 test set to all 440 training proteins. These two distributions are similar
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895 and test set are different, we observed that our simplified nonlinear function
896 detected 95% (208) native proteins from 11 million decoys and only misclassified
897 218 decoys as native proteins, which outperformed Tobi et al. [80] (78% correct
898 rate for native proteins, 53,137 misclassification for decoys), Bastolla et al. [4]
899 (71% correct rate for native proteins, 29,309 misclassification for decoys), and
900 Miyazawa and Jernigan [59] methods (57% correct rate for native proteins, 80,716
901 misclassification for decoys) on much smaller blind test set of 201 native proteins
902 and 3 million decoys.
903 Our final fitness landscape using rectangle kernel can correctly classify most of
904 the native proteins, except 4 proteins (1ft5 chain A, 1gk9 chain A, 2p0s chain A,
905 2qud chain A) in the training set and 20 proteins in the test set. Of the 4 mis-
906 classified training proteins, all have ligand or organic molecules bound. For
907 example, cytochrome C554 (1ft5, chain A) is a electron transport protein with 4
908 hemes bound, and ABC transporter (2p0s, chain A) has a Mg ion bound. Overall,
909 among the misclassified proteins, 14 proteins contain metal ions and organic
910 compounds. We note that the interactions between these organic compounds, metal
911 ions, and rest of the protein are also not reflected in the protein description. In
912 addition, 4 proteins have >20% contacts due to interchain interactions. It is likely
913 that substantial unaccounted interactions with other protein chains, DNA, or
914 cofactors contributed to the misclassifications. The conformations of these proteins
915 may be different upon removal of these contacts. Altogether, 21 of the 24 mis-
916 classified proteins have explanations, and the fitness function truly failed only for 3
917 proteins.
918 The representation of protein structures will likely have important effects on the
919 success of protein design. The approach of the reduced nonlinear function is general
920 and applicable when alternative representations of protein structures are used, e.g.,
921 adding solvation terms, including higher order interactions.
922 The nonlinear fitness function and computational procedure we developed per-
923 mit more accurate and rapid recognition of designed proteins which can fold into
924 desired structures. It generalizes well and can recognize novel protein folds that are
925 not encountered in the training process. Such an improvement in algorithms for
926 computational protein design is essential for the success of large-scale efforts in
927 identifying sequences for improved biochemical functions or new enzymes, so the
928 appropriate scaffold can be constructed to which the necessary catalytical mecha-
929 nism can be inserted [3]. A drawback of this nonlinear fitness function is that
930 training is based on only native sequences of known protein structures, and
931 therefore there is no guarantee that it can distinguish high-resolution sequences with
932 just a few deleterious point mutations that cannot fold. Further improvement can be
933 achieved by incorporating in training high-density homologous sequences that are
934 known to fold into the same structural fold, as well as information on critical
935 residues whose mutations would unfold the proteins. Protein design has had
936 numerous successes in introducing new proteins and peptides for therapeutic
937 applications [35], and will continue to be important for developing effective
938 therapeutics.
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939 Conclusion

940 Our findings show that no linear fitness function exists that can discriminate a
941 training set of 440 native sequence from 14 million sequence decoys generated by
942 gapless threading. The success of nonlinear fitness function in perfect discrimina-
943 tion of this training set proteins and its good performance in an unrelated test set of
944 194 proteins is encouraging. It indicates that it is now possible to characterize
945 simultaneously the fitness landscape of many proteins, and nonlinear kernel fitness
946 function is a general strategy for developing effective fitness function for protein
947 sequence design.
948 Our study of fitness function for sequence design is a much smaller task than
949 developing a full-fledged fitness function, because we study a restricted version of
950 the protein design problem. We need to recognize only one sequence that folds into
951 a known structure from other sequences already known to be part of a different
952 protein structure, whose identity is hidden during training. However, this simplified
953 task is challenging, because the native sequences and decoy sequences in this case
954 are all taken from real proteins. Success in this task is a prerequisite for further
955 development of a full-fledged universal fitness function. A full solution to the
956 sequence design problem will need to incorporate additional sequences of structural
957 homologs as native sequences, as well as additional decoys sequences that fold into
958 different folds, and decoy sequences that are not proteins (e.g., all hydrophobes).
959 Results presented in Fig. 4b provide some indication, where it was found that
960 homologs generated by multiple random residue swaps of � 80–85% overall
961 sequence identities are likely to be correctly classified. Furthermore, an additional
962 interesting test of our nonlinear function is to discriminate decoys generated by a
963 method independent of the threading method used for generating training sequence
964 decoys. For example, decoys generated by a protein design tool can be used to test
965 how well our nonlinear scoring function can discriminate those that would fold
966 from those that would not. This, however, requires experimental knowledge of
967 which of these decoys indeed would fold into stable structures and which do not. It
968 would be desirable if such data can be used at a large scale for globally all known
969 protein folds. It is our hope that the functional form and the optimization technique
970 introduced here will also be useful for such purposes.
971 We also showed that a simplified nonlinear fitness function for protein design
972 can be obtained using a simplified nonlinear kernel function via a finite Newton
973 method. We used a rectangular kernel with a basis set of native proteins and decoys
974 chosen a priori. We succeeded in predicting 408 out of the 428 (95%) native
975 proteins and misclassified only 218 out of 11 million decoys in a large blind test set.
976 Although the test set used is different, other methods were based on relatively small
977 (201 native proteins and 3 million decoys) blind test set. Our result outperforms
978 statistical linear scoring function (87 out of the 201 misclassifications, 57% correct
979 rate) and optimized linear function (between 44 and 58 misclassifications out of the
980 201, 78 and 71% correct rate). The performance is also comparable with results
981 obtained from a far more complex nonlinear fitness function with [ 5000 terms
982 (18 misclassifications, 91% correct rate). Our results further suggest that for the task
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983 of global sequence design of 428 selected proteins, the search space of protein
984 shape and sequence can be effectively parameterized with just about 3680 carefully
985 chosen basis sets of native proteins and nonnative protein decoys.

Fig. 4 Discriminating a different decoy set using the nonlinear fitness function. Sequence decoys
in this set are generated by swapping residues at different positions. a The length distribution of the
1227 native proteins in the set; b The relationship between the number of swaps N and the
percentage of misclassified decoys grouped by protein length binned with a width of 50 residues
shown in different curves. c The relationship between the sequence identity binned with width 0.1
and the percentage of misclassification grouped by protein length shown in different curves. The
fitness function was derived using Strategy 2, with top 50% preselected native proteins, and top 1
preselected decoys. dMisclassified sequence decoys have overall lower DFIRE energy values than
correctly classified sequence decoys and therefore are more native-like. The x-axis is the net
DFIRE energy difference of decoys to native proteins, and the y-axis is the number count of decoys
at different net DFIRE energy differences. The solid black line represents decoys misclassified by
our fitness function and the dashed red line represents decoys correctly classified by our fitness
function
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986 In summary, we show a formulation of fitness function using a mixture of
987 Gaussian kernels. We demonstrate that this formulation can lead to effective design
988 scoring function that characterize fitness landscape of many proteins simultane-
989 ously, and perform well in blind independent tests. Our results suggest that this
990 functional form different from the simple weighted sum of contact pairs can be
991 useful for studying protein design. In addition, the approach of the rectangle kernel
992 matrix with a finite Newton method works well in constructing fitness landscape.
993 We also showed that the overall landscape is not overly sensitive to the specific
994 choice of the dataset. Our approach can be generalized for any other protein rep-
995 resentation, e.g., with descriptors for explicit hydrogen bond and higher order
996 interactions, and our strategy of reduced kernel can be generalized to constructing
997 other types of fitness function. Overall, constructing a universal fitness landscape
998 that explains all major protein structural folds is a fundamental problem. In our
999 study, an overly simplistic assumption is made, in which the only determinant of

1000 protein fitness function is the ability to fold correctly. More realistic fitness function
1001 should include functional fitness such as efficiencies in biochemical reactions.
1002 Furthermore, once a fitness function is constructed, it will be important to analyze
1003 the evolutionary landscape of proteins globally and to decipher the corresponding
1004 structural implications. It would also be useful to identify most probable transition
1005 paths among different protein folds to gain understanding on how protein structures
1006 evolve and how new folds are acquired, as well as possible timing of the emergency
1007 of such new folds.
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